Abstract. Let ¡j, and v be finite Borel measures on Hausdorff spaces X and Y, respectively, and suppose product measures ¡i X x v and p. X2 v are defined on the Borel sets of X X Y by integrating vertical and horizontal cross-section measure, respectively. Sufficient conditions are given so that ¡i x¡ v = p x2v and so that the usual product measure u X v can be extended to a Borel measure on X X Y by means of completion. Examples are given to illustrate these ideas.
(1) A is first countable.
(2) The character (minimum cardinality of a neighborhood base) of each point in X is less than k, and the union of fewer than k Borel sets of v-measure zero has v-outer measure zero. Then W* = U W(ri) is the required open subset of W with the same p X, vmeasure as W. The conclusion of Lemma 1.1 clearly holds if v is regular. As a matter of fact, almost the same lemma can be proved if open sets of Y are inner regular with respect to a class of sets having a certain type of property provided that the only sets in A with that property are the closed sets. In order to make these ideas precise, let us say that a topological property P is compact-like if whenever a set A has property P, then so does (i) the product of any compact set with A, (ii) each closed subset of A, and (hi) the image of A under every continuous, open mapping. For example, countable compactness is a compact-like property. Now a set A is called N0-bounded (or strongly countably compact) if the closure in A of each of its countable subsets is compact ( [5, p. 201] or [12, pp. 763-764] ). The property of Nnboundedness is also a compact-like property. Lemma 1.3. Suppose v is a Borel measure on Y such that each open set in Y contains a set with a given compact-like property P and with arbitrarily close v-outer measure. Suppose that every set in X with property P is closed. Suppose W is an open set in X X Y, that K is a compact set in X, and that p E A is such that v( W) > k.
Then there exist open sets U and V such that (i) p G U, (ii) v( V) > k, and (hi) (U n A) X V G W.
Proof. Since W is open, we may choose a set B contained in Wp such that B has property P and such that the p-outer measure of B is greater than k. Let A set A in a topological space is called sequentially closed if every convergent sequence in A has its limit in A. A space is called sequential if every sequentially closed set is closed [2, pp. 108-109] . Every countably compact set in a sequentially closed space is closed. A topological space is called countably tight if for every subset A, each limit point of A is a limit point of some countable subset of A. Notice that each N0-bounded set in a countably tight space is closed. Moreover, each first countable space is sequential and each sequential space is countably tight.
In (1) of the next theorem and in the remarks following Theorem 2.5 we shall have occasion to use the condition that each compact set A in A contains a point having a countable base of neighborhoods in A. This condition is equivalent to saying that the set of points in A having a countable base of neighborhoods in A forms a dense set in the compact set K. This condition is satisfied if card(A) < 2"1 [10, Theorem 2.24]. l/n, and (hi) (U n A) X V G W. Because v(Wx) is continuous on A, we may assume that v(Wx) < v(Wp) + l/n for all x £ U n A so that v(Wx \ V) < 2/n for each x G U n A. Since U n A is a nonempty open set in A, we see that p(U n A) > 0. Hence, U n A violates the maximahty of the family {Aj}, so that p(K \ lj A¡) = 0 as was to be shown.
2. The p X, »»-measure of a closed set. This section is "dual" to the preceding section in that conditions are given under which a closed set in A X y contains a set in %(X) X %(Y) with the same p X, »»-measure. Whether the appropriate condition on p holds if p is regular and A is first countable depends on the set theory that is assumed.
Suppose p is a (not necessarily regular) Borel measure on A. Let us say that p is separable-regular if each Borel set E in A contains a countable subset C such that p(E \ closure(C)) = 0. In other words, p is separable-regular if it is inner regular with respect to the class of separable Borel sets. If A is hereditarily separable, then every Borel measure on A is separable-regular. Similarly, every Borel measure on a metric space whose cardinality has measure zero is separable-regular [15, Theorem III] . Finally, each regular Borel measure on a totally ordered space is separableregular.
Notice that the following theorem does not require regularity of any of the measures. The condition that v be purely atomic is restrictive, and it may be possible to weaken or even drop that requirement. 
Proof. Suppose p is separable-regular and that p X, v(M) is defined for all Borel sets M in A X Y. We may assume without loss of generality that »» is two-valued. Let F be closed in A X Y, and let E = {x G X: v(Fx) = 1}. Since p is separable-regular, there exists a countable set C in E such that the p-outer measure of E \ closure(C) is zero. Let B = C] {Fx: x G C}. Clearly, B is closed and v(B) = 1. If A «-closure(C) and x £ A, it follows that B G Fx since F is closed.
Hence, A X B G F and p xx v(A X B) = p(A) = p X, v(F).
A variation of Theorem 2.1 holds if »» satisfies a stronger condition than countable additivity. That is, suppose »» is a purely atomic Borel measure such that the union of fewer than k Borel sets of »»-measure zero has »»-outer measure zero. Suppose each Borel set E in A contains a subset C such that card(C) < k and such that p(E \ closure(C)) = 0. In other words, suppose p is inner regular with respect to the class of Borel sets in A with density less than k. If F is a closed set in A X y such that p X, »»(F) is defined, then F contains a closed set in % (A) X © ( Y) with arbitrarily close p X, »»-measure. The proof of the preceding assertion is analogous to that of Theorem 2.1.
In view of the next theorem, separable-regularity of p cannot be replaced by regularity of p in Theorem 2.1. Under the Continuum Hypothesis the hypotheses of Theorem 2.2 can be satisfied with k = to, by a regular Borel measure p on a first countable, hereditarily Lindelöf space [14] . A point x G X will be said to have tightness less than k if whenever x £ closure^), there exists a subset C of A with card(C) < k such that x G closure(C). License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Theorem 2.4 (Fremlin) . Assume Martin's Axiom. Then there is a compact space X such that each of its points has character (minimum cardinality of a neighborhood base) less than 2" and a nonzero regular Borel measure p on X such that p(closure(C)) = 0 for every subset C in X with cardinality less than 2".
Proof. Let Z be the space of all functions from to into a discrete space of two elements, and let Z have the product topology. Let À be Haar measure (the usual product measure) on Z, and label the points of Z as {za: a < 2"}. For each a < 2", let Za = {Zß. ß < a}. In view of Martin's Axiom, each Za has A-outer measure zero [16, §4.1] . For each a < 2" and each n, we may thus choose an open set Gan in Z such that Za G Ga" and X(Ga") < l/n.
Let ê be the family consisting of the sets {Ga"}, their complements in Z, and the clopen sets in Z. Let 6E be the smallest algebra of subsets of Z containing S, and notice that each member of & can be written as a finite union of finite intersections of members of S.
Let If f(x) G Ga", we observe that x G G*n; indeed, there exists a clopen set U in Z such that x G U* G G*".
We check that each point of A has character less than 2". Suppose x E A. Then a base of neighborhoods ofjcis{/l*:^E6B and x G A*}, so that a subbase of neighborhoods of x is {E*: E G S and x G E*}. We know that f(x) = zß for some ß < 2", so that f(x) G Ga" for all a satisfying ß < a < 2" and for all n. Hence, x has a subbase of neighborhoods with cardinality less than 2", namely { U*: U is a clopen set in Z and x G U*} u { G*": a < ß and x E G*"} U {A \ G*": a < ß and x £ A \ G*"}.
Hence, x has a base of neighborhoods with cardinality less than 2" (cf. [13, p. 50 
]).
We now show that if C is a subset of A with cardinality less than 2", then p(closure(C)) = 0. Since/[C] has cardinality less than 2", there exists a < 2" such that f[C] G Za. Thus for each positive integer n, we have f[C] G Gan. Hence, C G G*" so that closure(C) is a subset of G*n. Then since p(G*n) = X(Gan) < l/n for all n, we have p(closure(C)) = 0.
It is consistent with the usual axioms of set theory (ZFC) to suppose that there exists a regular Borel measure p on a first countable, compact space such that p fails to be separable-regular. On the other hand, Theorem 2.5 shows that it is consistent to suppose that each regular Borel measure on a first countable space is separable-regular. Proof. Since p is regular, it suffices to show that each compact set contains a separable compact set with the same p-measure. Suppose that A is compact. Without loss of generality we may suppose that A contains no proper closed set with the same p-measure. Then p( U n A) > 0 whenever U is an open set in A and U n A is nonempty. Hence, every disjoint collection of nonempty open sets in the subspace K is countable. This means that A is a first countable, compact space satisfying the countable chain condition (having countable cellularity). Assuming Martin's Axiom and the negation of the Continuum Hypothesis, such a space A is separable and we are done [10, Theorem 5.6] .
The hypothesis that A be first countable in Theorem 2. (1) X is first countable. Alternate statements of Theorem 3.1 are possible if »» satisfies a stronger condition than countable additivity. For example, if »» is a purely atomic Borel measure on Y such that the union of fewer than k sets of »»-measure zero has »»-outer measure zero, if each point of A has character less than k, and if p is a regular Borel measure such that each Borel set in A contains a Borel set with the same p-measure and with density (cardinality of a dense subset) less than k, then the Borel sets of A X y lie in the domain of completion of p X »». Assuming Martin's Axiom and the negation of the Continuum Hypothesis, we know by Theorem 2.5 that regular Borel measures on first countable spaces are separable-regular. We thus have the following corollary to Theorem 3.1. In view of Theorem 2.2, the conclusion of Corollary 3.2 can fail in the presence of the Continuum Hypothesis. On the other hand, the next theorem shows that each Borel set of A X y can be p X »»-measurable even if p and »» both fail to be regular. 4. The p X 2 »»-measure of a closed set. The main result of this section is Corollary 4.5, which gives a sufficient condition for each closed set in A X y to contain a set in % (A) X © ( Y) with the same p X 2 »»-measure, where p is regular and »» is purely atomic. We begin with a lemma that will be used in the proof of Theorem 4.4. Proof. We first prove that (3) implies (4). Suppose F is a closed set in A X y We find for each n a set A" in <S(A) X <$>(Y) such that p x2 v(FAN") < l/n. x >y}, then F is a closed set in A X A such that pX2 p(F) > p X, p(F) (cf. [7, §6] ).
Similarly, the hypothesis that »» be purely atomic cannot be dropped in Corollary 4.5. For there exist a regular Borel measure p on a compact space A and a closed set F in A X A such that F does not contain a set in 9> (A) X % (A) with the same p X 2 p-measure [3] .
A set will be called nearly closed if it contains the closure of each of its separable subsets; the nearly Borel sets are the a-algebra generated by the nearly closed sets. 5. Examples. Often if something "goes wrong" for finite Borel measures in Hausdorff spaces, the same behavior already exists for finite Borel measures in compact spaces. Accordingly, the examples of this section will be given for compact spaces even though an extra step may sometimes be needed to make sure that the spaces are compact.
Our first example shows that we need the hypothesis that p be regular in Theorem 1. exists an open set in A X y which fails to be p X »»-measurable.
Example 5.2. Let A0 be an uncountable, locally countable, locally compact space such that each open set in A0 is countable or cocountable, and let X be its one-point compactification. Ostaszewski has constructed such a space using the combinatorial principle <-¡p [17, p. 506] . It is easy to see that A is hereditarily separable and that card(A) = to,. Moreover, the Borel sets of X are precisely those sets which are countable or cocountable. Let p be that Borel measure on A such that countable sets have measure 0 and cocountable sets have measure 1. Let y = A, and let v = p. Our next example provides a reminder that p X, v(F) may fail to be defined for some closed set F in A X Y even though p is a regular, separable-regular Borel measure on X. 
